The probability density function of velocity fluctuations of glanulence observed by Radjai and Roux in their two-dimensional simulation of a slow granular flow under homogeneous quasistatic shearing is studied by the multifractal analysis for fluid turbulence proposed by the present authors. It is shown that the system of granulence and of turbulence have indeed common scaling characteristics.
Introduction
In this paper, we apply the multifractal analysis (MFA) [1, 2, 3, 4] of fluid turbulence to granular turbulence (granulence [5] ) in order to see how far MFA works in the study of the data observed by Radjai and Roux [5] in their two-dimensional simulation of a slow granular flow subject to homogeneous quasistatic shearing. Radjai and Roux reported that there is an evident analogy between the scaling features of turbulence and of granulence in spite of the fundamentally different origins of fluctuations in these systems. MFA is a unified self-consistent approach for the systems with large deviations, which has been constructed based on the Tsallis-type distribution function [6] that provides an extremum of the extensive Rény [7] or the non-extensive Tsallis entropy [6, 8] under appropriate constraints.
Multifractal Analysis
MFA of turbulence rests on the scale invariance of the Navier-Stokes equation for high Reynolds number, and on the assumption that the singularities due to the invariance distribute themselves multifractally in physical space.
The velocity fluctuation δu n = |u(•+ℓ n )−u(•)| of the nth multifractal step satisfies the scaling law |u n | ≡ |δu n /δu 0 | = δ α/3 n with δ n = ℓ n /ℓ 0 = δ −n (n = 0, 1, 2, · · ·). We call n the multifractal depth which can be real number in the analysis of experimental data. We will put δ = 2 in the following in this paper that is consistent with the energy cascade model.
At each step of the cascade, say at the nth step, eddies break up into two pieces producing the energy cascade with the energy-transfer rate ǫ n that represents the rate of transfer of energy per unit mass from eddies with diameter ℓ n to those with ℓ n+1 . Then, we see that the velocity derivative |u ′ | = lim n→∞ u ′ n with the nth velocity difference u ′ n = δu n /ℓ n for the characteristic length ℓ n diverges for α < 3. The real quantity α is introduced in the scale transformation [9, 10] Within MFA, it is assumed that the singularities due to the scale invariance distribute themselves, multifractally, in physical space with the Tsallis-type distribution function, i.e., the probability P (n) (α)dα to find in real space a singularity with the strength α within the range α ∼ α+ dα is given by [2, 11, 12] 
Here, q is the entropy index introduced in the definitions of the Rényi and the Tsallis entropies. This distribution function provides us with the
which, then, produces the mass exponent
with Cq = 1 + 2q 2 (1 − q)X ln 2. The multifractal spectrum and the mass exponent are related with each other through the Legendre transformation [10] : f (α) = αq + τ (q) with
The formula of the probability density function (PDF) Π (n) (u n ) of velocity fluctuations is assumed to consists of two parts, i.e., The PDFΠ (n) (ξ n ) both of velocity fluctuations and of velocity derivative to be compared with observed data is the one defined throughΠ
1/2 scaled by the standard deviation of velocity fluctuations.
For the velocity fluctuations larger than the order of its standard deviation, ξ * n ≤ |ξ n | (equivalently, |α| ≤ α * ), the PDF is given by [3, 4] 
with ξ n,0 =ξ n δ
. This tail part represents the large deviations, and manifests itself the multifractal distribution of the singularities due to the scale invariance of the Navier-Stokes equation when its dissipative term can be neglected. The entropy index q should be unique once a turbulent system with a certain Reynolds number is settled. For smaller velocity fluctuations, |ξ n | ≤ ξ * n (equivalently, α * ≤ |α|), we assume the Tsallis-type PDF of the form [3, 4] 
where a new entropy index q ′ is introduced as an adjustable parameter. This center part is responsible to smaller fluctuations, compared with its standard deviation, due to the dissipative term violating the scale invariance. The entropy index q ′ can be dependent on the distance of two measuring points.
The two parts of the PDF, (2) and (3), are connected at ξ * n =ξ n δ α * /3−ζ 2 /2 n with the conditions that they have a common value and that their slopes coincide. The value α * is the smaller solution of ζ 2 /2 − α/3 + 1 − f (α) = 0. The point ξ * n has the characteristics that the dependence ofΠ (n) (ξ * n ) on n is minimum for n ≫ 1. With the help of the second equality in (3) and (2), we obtain ∆Π (n) (x n ), and have the analytical formula to evaluate
m . Their explicit analytical formulae and the definition ofξ n are found in [3, 4] . The dependence of the parameters α 0 , X and q on the intermittency exponent µ is determined, self-consistently, with the help of the three independent equations, i.e., the energy conservation: ǫ n /ǫ = 1 (equivalently, τ (1) = 0), the definition of the intermit-
(equivalently, µ = 1 + τ (2)), and the scaling relation:
Here, ǫ is the energy input rate to the largest eddies. The average · · · is taken with P (n) (α).
The PDF's extracted by Gotoh et al. from their DNS data [13] at R λ = 380 are shown, on log and linear scales, in Fig. 1 both for velocity fluctuations and for velocity derivatives, and are analyzed by the theoretical formulae (2) and (3) for PDF's. We found the value µ = 0.240 by analyzing the measured scaling exponents ζ m of velocity structure function with the formula given above, which leads to the values q = 0.391, α 0 = 1.14 and X = 0.285. Through the analyses of the PDF's for velocity fluctuations in Fig. 3 , we extracted quite a few information of the system [14, 15, 16, 3, 4] . Among them, we only quote here the dependence of q ′ on r/η: q ′ = −0.05 log 2 (r/η) + 1.71 [4] .
Granulence
Let us now analyze the velocity fluctuations in glanulence simulated by Radjai and Roux [5] . Since they observed that the fluctuations share the scaling characteristics of fluid turbulence, we try to investigate the system by means of MFA which extracted, successfully, the rich information out of turbulence as was seen in the previous section. The power spectrum of the fluctuating velocity field on one-dimensional cross sections exhibits a clear power-law shape with the slope −β with β ≈ 1.24 [5] , which is quite similar to the powerlaw behavior with the slope −5/3 in the inertial range of the Kolmogorov spectrum [17] .
However, the granular model is an assembly of frictional disks, the power-law observed in granulence does not mean the energy conservation in contrast with the case of the energy cascade model for fluid turbulence.
For the conditions to determine the parameters α 0 , X and q, we adopt, instead of the energy conservation, the slope of the power spectrum, i.e., β = 1 + ζ 2 = 2 − τ (2/3) in addition to the definition of the intermittency exponent and the scaling relation. The latter two are the same as those for turbulence. As there is no experimental data, for the present, to determine the intermittency exponent µ for granulence, we cannot have the values of the three parameters through the three conditions. Therefore, we determine the value of the intermittency exponent by adjusting the observed PDF with the theoretical formulae (2) and (3), since the accuracy of the formulae in the analysis of PDF's for turbulence is quite high as was shown in the previous section. The best fit of the observed PDF of fluctuating velocities by the formulae (2) and (3) is shown in Fig. 4 . We found the value µ = 1.347 giving q = 0.930, α 0 = 0.377 and X = 0.050. By making use of the mass exponent with these values, we have ǫ n /ǫ = δ −τ (1) n with τ (1) = 0.648 representing a breakdown of energy conservation. It is attractive to see that the result is quite close to ǫ n /ǫ = 3/2 which may be consistent with the coefficient of friction 0.5 for the simulation [5] . We further extract the relation between τ and ℓ n as τ = 1.3 δ 0.131 n by comparing the observed flatness and the one with the theoretical PDF's (2) and (3). This relation may be a manifestation of the fact that Taylor's frozen turbulence hypothesis does not work for granulence.
Prospects
We showed with the help of MFA that the system of turbulence and of granulence have, actually, common scaling feature in their velocity fluctuations as was pointed out by Radjai and Roux [5] . We expect that various observation of granulence will be reported at higher statistics, and that one can extract more information out of the data to determine the underlying dynamics for granulence in the near future.
